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PURE DERIVED CATEGORIES OF QUASI-COHERENT SHEAVES 


ESMAEIL HOSSEINI 


Abstract. Let X be a quasi-compact and quasi-separated (not necessarily semi- 
separated) scheme. The category iDcoX of all quasi-coherent sheaves of CU-modules 
has several different pure derived categories. Recently, categorical pure derived cate¬ 
gories of X have been studied in more details. In this work, we focus on the geometrical 
purity and find replacements for geometrical pure derived categories of A. In addition, 
we deduce some important recollements of triangulated categories. 


1. Introduction 

Assume that C is an abelian category. The derived category of C was invented by 
Grothendieck and his student Verdier to simplify the theory of derived functors on C 
([Ver96]). It was obtained from the category of complexes in C by formally inverting 
all quasi-isomorphisms. This shows that the definition of a derived category is closely 
related to the concept of localization of triangulated categories, i.e. it is defined as 
the localization of the homotopy category of C with respect to the class of all quasi¬ 
isomorphisms. But, this method is not applicable for non-abelian categories. In fact, 
if E is an exact category (not necessarily abelian), the unbounded derived categor of E 
can not be defined in the same way. 

At the beginning of the decade 1980-90, there was no clear impression of the un¬ 
bounded derived category of E since its definition is difficult (see [BBD82], [TT90]). 
In 1990, Neeman removed this difficulty. He showed that it can be determined by the 
quotient of the homtopy category of E modulo its thick (or epaisse) subcategory con¬ 
sisting of all exact complexes ([Ne90]). His approach is independent of the choice of 
exact structure and is suitable for a category with various exact structures. This is the 
important feature of Neeman’s work in [Ne90]. 

In affine case, when R is an associative ring with identity, the category of all left 
R-modules admits two exact structures, the abelian exact structure and the pure exact 
structure. The derived category of the first structure, denoted by D(R), is the ordi¬ 
nary derived category of R. The derived category of the second structure, denoted by 
Dp a c(R), is the pure derived category of R. This is a framework for doing pure ho¬ 
mological algebra by pure derived categories and pure derived functors between them. 
It was first introduced and studied in [CH02] by formally inverting pure homological 
isomorphisms 

In non-affine case, if A is a quasi-compact and quasi-separated scheme, the category 
OcoA of all quasi-coherent sheaves of Ox-modules admits three different exact struc¬ 
tures. One of them is defined by the abelian exact sequences and the others were defined 
by pure exact sequences. 
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By [TT90], LjcoA is a locally finitely presented Grothendieck category. It is a natural 
framework to define the categorical pure exact sequences (see [Cr94], [AR94]). Recall 
that, a short exact sequence £ of quasi-coherent Ox-modules is called categorical pure if 
for any finitely presented quasi-coherent Ox-module Home> A . (£?, £) is exact. The pure 
derived category with respect to this exact structure, denoted by D cpur (A), is defined by 
[Ne90]. It is studied in more details by several authors ([K12], [Stol4], [Gil5], [ZH16]). 

Another pure exact structure on QcoA is defined by tensor pure exact sequences. 
Recall that, a short exact sequence £ is called tensor pure if for any quasi-coherent 
Ox-module Q, Q ®o x & is exact. The pure derived category with respect to this exact 
structure is defined by [Ne90] and denoted by D pur (A). It was first appeared in [EG014]. 

These pure derived categories motivated us to ask the following question. 

Question: When D pur (A) = D cpur (A)? 

To find an answer to this question, we should compare the pure exact structures on 
QcoA. In Section 3, if A is a projective space over a commutative noetherian ring 
R, we show that there is a finitely presented quasi-coherent Ox-modules which is not 
tensor pure projective. Consequently, the tensor pure exact structure does not 
coincide with the categorical pure exact structure and so, D pur (A) and D cpur (A) 
are different. This encouraged us to concentrate our study on tensor pure derived 
categories. 

In Section 4, we prove that the homotopy category of all pure injective quasi-coherent 
Ox-modules and D pur (A) are equivalent and find the recollement (5.5). In Section 5, if 
A is coherent, we find an equivalence between the homotopy category of injective Ox- 
modules and the pure derived category of absolutely pure Ox-modules. In addition, we 
get the recollement (6.1). In the last Section, if A is a semi-separated scheme, we show 
that the homotopy category of cotorsion flat quasi-coherent Ox-modules and the pure 
derived category of flats are equivalent. Also, we obtain the recollement (7.3). 

Setup: In this work, all pure exact sequences are tensor pure and all pure 
injective (resp. pure projective, flat) objects are tensor pure injective (resp. pure 
projective, flat). 


2. Preliminaries 

Recall that, a scheme A is quasi-separated if the intersection of any two quasi-compact 
open subsets is quasi-compact. In this paper, A is a quasi-conrpact and quasi-separated 
scheme, it = {Ui = Spec(i?j)}f =0 is an affine open cover of A, Ox-modules are quasi- 
coherent sheaves of Ox-modules and R is an associative ring with identity, unless oth¬ 
erwise specified. The category of all Ox-modules is denoted by QcoA. The set of all 
affine open subsets of X is denoted by U and the cardinality of a given Ox-module T 
is denoted by [J 7 ! = | IlueW-^(^Ol- I n addition, we assume that k > max{|Ox|, |77|,Mo} 
is an infinite cardinal. 

2.1. Exact categories. Let E be an additive category. A sequence X -A Y Z in 
E is said to be a conflation if / is the kernel of g and g is the cokernel of /. A map such 
as / is called an inflation and g is called a deflation. Let £ be a class of conflations in 
E. The pair (E,£) is an exact category if the following axioms are hold. 
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(i) £ is closed under isomorphisms. 

(ii) £ contains all split exact sequences. 

(iii) Deflations (Inflations) are closed under composition. 

(iv) All pullbacks (pushouts) of deflations (inflations) are exist. 

(v) Deflations (Inflations) are stable under pullbacks (pushouts). 

An exact category E is called efficient if 

(i) Every section in E has a cokernel or, equivalently, every retraction in E has a 
kernel ([BulO, Lemma 7.1]). 

(ii) Arbitrary transfinite compositions of inflations exist and are themselves infla¬ 
tions. 

(iii) Every object of E is small relative to the class of all inflations. 

(iv) E admits a generator. 

For more detailed references, see [BulO] or [Stol3, Section 3]. 

2.2. Orthogonality in exact categories. Let E be an exact category and X, Y € 
E. The set of all equivalence classes of conflations Y —> P —» X in E is denoted by 
Ext^(X,Y). A class Y is said to be the right orthogonal of a class X when 'K 1 - = Y, 
where the right orthogonal is defined as follows 

X 1 :={BgE| Ex 4(X,B) = 0, for all X € X}. 

The left orthogonal is defined dually. A pair (X, Y) of classes in E is called a complete 
cotorsion theory if 

(i) X- 1 = Y and - L Y = X. 

(ii) Any object of E has a special Y-preenvelope and a special X-precover. 


Recall that, an object E € E has a special X-precover (Y-preenvelope) if there exists 
a conflation Y'->X'-)E(EaY'-> X'), where X'eX and Y' € Y. Also, (X, Y) is 
cogenerated by a set, if there is a set T CX such that T 1 = X x = Y. 

2.3. Purity and flatness in LlcoX. A submodule T of an Ox-module Q is called 
pure if 0 —> T —> Q —> QfT —> 0 is a pure exact sequence. Note that, this definition 
of purity and the geometrical (or stalk-wise) purity are equivalent. An exact sequence 
£ is geometrical pure if for any x £ X, the localization £ x is a pure exact sequence 
of 0 x -modules. An Ox-module X (V) is called pure injective (pure projective) if it is 
injective (projective) with respect pure exact sequences. 

An Ox-module J 7 is called flat if the functor T®o x ~ is exact on QcoX. Actually, T 
is flat if and only if any short exact sequence ending in T is pure. Equivalently, T is 
flat if and only if for any x £ X, T x is a flat O x -module. 

An Ox-module C is said to be cotorsion if for any flat Ox-module J 7 , Extg) (J 7 , C) = 0 . 
An Ox-module C is called cotorsion flat if it is both cotorsion and flat. 


2.4. Category of complexes. Let X be an additive full subcategory of an additive 
category A. A complex in X is a cochain 


X 


»-l dffi 1 


X r 


X 


n +1 


in X such that for every n £ Z, d n d n ~ 1 = 0. The category of all complexes in X is 
denoted by C(X). In particular, the category of all complexes in QcoX is denoted by 
C(X). If PinjX (resp. InjX, FlatX, CofX) is the category of all pure injective (resp. 
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injective, flat and cotorsion flat) Ox-modules then C(PinjX) (resp. C(InjX), C(FlatX), 
C(CofX)) is a full additive subcategory of C(X). A complex X of Ox-modules is called 
acyclic if all cohomology groups are trivial and it is pure acyclic if for any Ox-module 
Q, X <8>c> x Q is acyclic. The cardinality of a complex X is defined to be IU, teZ * n l- 

For a given complex X in X and an integer n € Z, X[n] denotes the complex X shifted 
n degrees to the left. 

Let / : X — > Y be a morphism of complexes. We define the cone of /, denoted by 
Cone(/), to be the complex X[l] © Y. It is known that a morphism / : X — > Y of 
complexes is a quasi-isomorphism if and only if Cone(/) is acyclic. For more details on 
complexes, see [EJOO] and [EJ11] . 

2.5. Homotopy CATEGORIES. Assume that A is an additive category. The homotopy 
category of A, denoted by K(A), is defined to have the same objects as in C(A) and 
morphisms are the homotopy classes of morphisms of complexes. For any additive full 
subcategory X of A, K(X) is a full subcategory of K(A). 

The homotopy category of all left R-modules is denoted by K(R). If X = ProjR 
(resp. Inji?, FlatR and Cof R) is the subcategory of A consisting of all projective (resp. 
injective, flat, cotorsion flat) R-modules, then K(Proji?) (resp. K(Inj/?,), K(FlatR) and 
K(CofR)) is a full subcategory of K(R). 

The homotopy category of £2coX is denoted by K(X). The homotopy category 
K(PinjX) (resp. K(InjX), K(FlatX) and K(CofX)) of all pure injective (resp. in¬ 
jective, flat and cotorsion flat) Ox-modules is defined as a full subcategory of K(X). 
For more details on homotopy categories, see [We03, §10]. 

2.6. Orthogonality in Triangulated categories. Let T be a triangulated cate¬ 
gory and S be a triangulated full subcategory of T. The right orthogonal of S in T is 
defined by 

S ± = {X eT | Hom r (S, X) = 0, for all S € S}. 

The left orthogonal of S in T is defined dually. By [NeOl, Theorem 9.1.13], the inclusion 
S —> T has a right adjoint if and only if for any object T in T■ there is a triangle 

S-> T-> S'-> SS in T where S € S and S' G 5- 1 . This triangle is unique up to 

isomorphism and the right adjoint of S —> T maps T to S. In the language of [K10, 
Proposition 4.9.1], this situation implies that there is an equivalence 5^ —> T/S of 
triangulated categories. 

2.7. Recollemets OF triangulated categories. A recollement is a short exact 
sequence of triangulated categories. It was first introduced in [BBD82] to describe the 
derived categories of perverse sheaves over singular spaces, by using derived versions of 
Grothendieck’s six functors ([Gr77]). A recollements is a useful tool for investigating 
relation between algebraic, geometric and topological properties (see [BBD82, Ra02]). 

The diagram 



of triangulated categories and triangulated functors is called a recollement if the follow¬ 
ing conditions hold. 
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(i) and (z*,i) are adjoint pairs. 

(ii) (j,j*) and (j*,j) are adjoint pairs. 

(iii) i, j* and j* are full embeddings. 

(iv) ji = i*j* = i*j* = 0 . 

(v) For each T in T, there are triangles 

ii *T-T-> j*jT -> u*£T and j*jT-> T-> ii*T-> j*jET 

where the arrows to and from T are counit and unit respectively. 

For more details, see [Ver96, Section II.2], [NeOl, 9.2], [K05, Section 3] and [K10 , 
Section 4.13]. 

3. Purity and pure projectivity in QcoA 

In this section, we compare the categorical and the geometrical notions of purity in 
OcoA. Note that, any of these notions induces a class of pure injectives (resp. pure pro- 
jectives and flats). Categorical pure injectives are discussed in [Her03] and pure injective 
objects are discussed in the next section (see also [EE015]). Categorical flat objects are 
studied in [Sten68], [ES15] and flat Ox-modules are studied in [EE05]. But, the pure 
projective objects have a different fate. By [TT90], there is a set S of finitely presented 
objects in £3coA such that any Ox-module Q is a direct limit of elements in S. Then, 
there exists a categorical pure exact sequence 0 —> 1C —> (Bxesd 7 —> Q —> 0 where 
©j-gsJ 7 is a categorical pure projective Ox-module. Therefore, £2coA have enough cat¬ 
egorical pure projective objects. But, in general case, we don’t know weather £2coA 
have enough pure projective objects? However, weather this is the case or not, we give 
an example of a non-pure projective finitely presented Ox-module. 

In this section, we assume that A = Projif[xo, x ±,..., x n ] is the projective n-space 
over a noetherian commutative ring R. The following lemma has a significance role in 
this section. 

Lemma 3.1. The structure sheaf Ox is not projective. 

Proof. Assume that Ox is projective. Then, for any Ox module Q, Ext o x (Ox,G) — 
W(X, Q) = 0 for all * > 0 ([Ha97, III, Proposition 6.3]). But this is a contradiction with 
[Ha97, III, Theorem 3.7] and [Ha97, III, Theorem 5.1]. □ 

Recall that, an Ox-module J- is called categorical flat if any short exact sequence 
ending in T is categorical pure. In the following result, we give an example of a flat 
Ox-module which is not categorical flat. 

Proposition 3.2. The structure sheaf Ox is not a categorical flat Ox-module. 

Proof. Since A is a noetherian scheme. Then Ox is a finitely presented object and 
hence, it is categorical pure projective. If Ox is categorical flat, then any short exact 
sequence ending in Ox is split. So, it is projective. But this is a contradiction with 
Lemma 3.1. □ 

Proposition 3.3. There is no non-zero projective Ox-module. 

Proof. Let V be a projective Ox-nrodule. Then, any short exact sequence ending in V 
splits. So, it is categorical flat. Therefore, by [ES15, Corollary 4.6], V is zero. □ 

Proposition 3.4. Any pure projective flat Ox-module is projective. 
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Proof. Let V be a pure projective flat Ox-module. Then, any short exact sequence 
ending in V is split. So, it is projective. □ 

Proposition 3.5. The structure sheaf Ox is not a pure projective Ox-module. 

Proof. A direct consequence of Proposition 3.4. □ 

We know that any categorical pure exact sequence is pure. So, any pure projective 
Ox-module is categorical pure but by Proposition 3.5 the converse need not be true. By 
Proposition 3.3, the class of all projective Ox-module is trivial and by [ES15, Corollary 
4.6], the class of categorical flat objects is also trivial. But, we don’t know weather the 
same result holds for the class PprojX of all pure projective Ox-modules. So, we can 
naturally ask the following question. 

Question: When PprojX=0? 

Regardless of any responses, we show that the homotopy category of pure injective 
Ox-modules is a natural replacement for the homotopy category of pure projectives (see 
Section 5). 


4. Pure acyclic complexes of Ox-modules 
Let £ be the class of all pure exact sequences in QcoX. A sequence 


E 



F 


0 


of complexes of Ox-modules is called a conflation if it is degree-wise pure exact, i.e. for 
any n £ Z, the sequence 


E r ' 



0 


is pure exact sequence of Ox-modules. This induces an exact structure on C(X) which 
is called pure exact structure. Let E be the class of all conflations in C(X). In the 
language of [Stol3, Section 3], (C(X),E) is an efficient exact category. In the present 
section, we select this exact structure and prove that the pair (C pac (X), C pac (X)" L ) is a 
complete cotorsion theory whenever C pac (X) is the full subcategory of C(X) consisting 
of all pure acyclic complexes. 

Proposition 4.1. Let X be a complex of Ox-modules. There is a conflation 

0—>X—^Y-^K—>0 (4.1) 

in C{X) where Y £ C pac (X) ± and K £ C pac (X). 

Proof. The proof consists of two parts. In the first part, we prove that if 

G : 0 —» Q' -^4 Q —4 Q" —> 0 

is an object of £ then there is a non-zero pure submodules Q' 0 , Qq and Q'f of Q', Q and Q" 

f\g' g\g n 

respectively, such that max{|£/g|, \Qo\, \Gq |} < k and Go : 0 — » Q' 0 —4 Qq —4 Q'f — > 0 , 
G/Gq are objects of £. 
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For any U £ U, let Xjj be a non-empty subset of G(U). By [EE05, Proposition 3.3] 
(see also [Fo76, Theorem 3]), there exists a pure submodule Q({ of Q" such that for any 
U G.U, g(Xu) C Qq(U) and \Gq\ < k. Consider the following pullback diagram 



II I e I* 

0 —► Q' —► G -A G" —> 0 


with pure exact rows and columns. Then, for any U € li, Xu C T(U). Now, assume 
that, Su is a subset of T(U) such that Xjj C Su, g'(Su) = G''(U) and \Su\ < n. Then, 
by [EE05, Proposition 3.3], there is a pure submodule Ao of T where Su C JCq(U), 

|/Co | < k. Set JC' 0 := Ker(g'|x 0 ) and consider a pure submodule A] of G' such that 
K!q C A', |A'| < a. Then, there is a pure submodule Ai of T such that /Co U A] C /Ci, 
|/Ci| < At. Again, set A(, := Ken/^ and repeat this processes inductively to get a pure 
submodule K.' 2n+ i of G' such that tC' 2n = Y.erg'\ic 2n _ 1 C A 2 n+1 , |A 2 n+1 | < At. Now, set 
Go = lim Kl n = \im1C ' 2n+ , and <?o = lim/C n . 
iei iei iei 

In the second part, if G is a pure acyclic complex of Ox-modules then, we prove that 
there is a non-zero subcomplex Go = ( [Gq,S 1 0 ) of G such that Go,G/Go £ C pac (A"), 

| Go | ^ At. 

For any U £ LI and any ie Z, let X^ be a non-empty subset of G l (U). Without loss 
of generality we can consider the following commutative diagram with pure exact rows 
and columns 

0 0 0 

4^ 4^ 4~ 

0-A /Cg- a G[] -> Kl -> 0 

ill 

0 Ker(<5°) —A G° —A Ker(5 1 ) —A 0, 

such that Xj) C Gq(IL) and max] \Gq\-, |/C§|, |Aq|} < At. 

For any i < 0, we use an inductive processes and obtain the following pure exact 
sequences 

0 —► A*” 1 —a Gi~ l A’ ^ 0 

where max{|^Q _1 |, |ACq^ 1 1, |Aq| : * < 0} < At. Now, set Go ■= Aq and 5 l 0 := <P|gi (for any 

i > 0, Go '■= 0). Then Go = (Go,S l 0 ) has the desired property. 

Let Y be a representative set of complexes G £ C pac (A) such that |G| < k. Then, 
(C pac (A), C pac (A) ) is cogenerated by Y. So, by [Stol3, Proposition 5.8], there is a 

conflation 0 —A X -A Y -A K —A 0 such that Y € C pac (A) ± and K £ C pac (A). □ 

Proposition 4.2. The pair (C pac (A), C pac (A)" L ) is a complete cotorsion theory. 

Proof. Let X be a complex of Ox-modules. By [HS13, Proposition 2.6] (the proof is 
true for any quasi-compact and quasi-separated scheme), there is a degree-wise pure 

/ 

exact sequence 0 —A X —A C —A P —A 0 of complexes where P £ C pac (FlatX). For any 
Ox-module G we have the following exact sequence of complexes 


0 


f®Ov 

■A X ®Ox @ --—> C ®Ox G 


■> P ®O x G 


A 0. 
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The acyclicity of the mapping cone of (/ ®o x 1(7 ) (P is flat) implies that Cone(/) is a 
pure acyclic complex. Therefore, by the following degree-wise split exact sequence 

0 -> C[-l] -> Cone(/) —»■ X —► 0 . 

and Proposition 4.1 we are done. □ 

It becomes an exact category if we endow it with the componentwise conflations.Recently, 
the pair (C pac (R), C pac (R) ± ) has been studied in the category of left R-modules endowed 
with the pure exact structure. In [Stol4], the author proved that C pac (i?) = C(PinjR). 
Indeed, he proved the following result in the category of R-modules. 

Proposition 4.3. Any pure acyclic complex of R-modules is the direct limit of con¬ 
tractible complexes. 

Proof. See [Stol4, Lemma 4.14] or [Eml6, Proposition 2.2]. □ 

In general case, we don’t know weather the same result holds non-affine settings. 
But, we try to prove that any pure acyclic complex of pure injective Ox-modules is 
contractible. First, we show that the class of all pure injective Ox-modules is preen¬ 
veloping. 

Lemma 4.4. Let U be an open subset of X and f : U —> X be the inclusion. Then 
/* : £}coU —> LlcoJT preserves pure injective objects. 

Proof. Let V be a pure injective 0[/-module and 

£:0 - >K -- >P -^0 (4.2) 

be a pure exact sequence of Ox-modules. We know that /* has an exact left adjoint 
f* [Ha97, Section II, pp 110] which preserves purity, i.e., f*£ = £\u is a pure exact 
sequence. We apply Horn o x (-,f*P) on £ and Horn o x (-,'P) on f*£. The adjoint pair 
(/*)/*) implies the following commutative diagram 

0-> Hom 0x (J 7 , ffP) -» Horn 0x (Q, fjV) -> Horn Dx (1C, f*V) -> 0 

0 —► Hompp (/* X, V) —> Horn o v (. f*Q, V) —)> Hom 0[/ (/*£, V) —> 0 

where the bottom row is exact and the vertical arrows are isomorphisms. Then, the top 
row is also exact and hence, fTP is pure injective. □ 

Lemma 4.5. Any direct limit of pure exact sequences is pure. 

Proof. Let {£■,,. fij}ij£i be a direct system of pure exact sequences of Ox-modules. The 
isomorphism (lirnTj) ®o x G — lim(£j ®o x G) implies the purity of lirri<£' ? ;. □ 

iei iei iei 

Lemma 4.6. Let U be an affine open subset of X and f : U —> X be the inclusion. 
Then /* : Qco U —> QcoX preserves pure exact sequences. 

Proof. Let £ be a pure exact sequence of 0[/-nrodules. By Proposition 4.3, £ = lirnTj 

iei 

where for any i, £ t is split exact. We know that /* preserves direct limits ([TT90, pp. 
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9, Lemma B.6]), i.e., we have the following isomorphism 

/*(£) = /*(lim£j) = lim(/*(£j)) (4.3) 

iei iei 

where /*(£,) is split exact for each i. Then, by Lemma 4.5 /*(£) is pure. □ 

Proposition 4.7. The class of all pure injective Ox-modules is preenveloping. 

Proof. Let F be an Ox-module. For any 1 < i < n. let F. t = F(Ui) and / : Ui —> X be 

the inclusion. By Lemma 4.4, F ++ = ©]Li/*^) ++ is a pure injective Ox-modules when¬ 
ever for any i, F+ = Homz(Fi, Q/Z). Furthermore, F — > <£°(F,U) and £°(F, 11) —> 
F ++ are pure monomorphisms (see [Ha97, Theorem III. 4.3], Lemma 4.6) and so, 
F — F ++ is a pure monomorphism. □ 

Now, by the same method that used in the proof of [EG98, Proposition 3.4], one can 
deduce that C pac (X)" L C C(PinjX). 

Proposition 4.8. Let G = {Q l ,5 l ) be a complex of Ox-modules. If G G C pac (X)" L 
then 

(i) For any i G Z, Q l is a pure injective Ox-module. 

(ii) For any pure acyclic complex X, Hom^(X, G) is an acyclic complex. 

Remark 4.9. Suppose that F is an Ox-module. The p-th Cecil Ox-module of F 
with respect to the cover U of X is defined by £ p (il, F) = (Bi 0 <...<i p f*(F\u i i ) over 
sequences io < ... < i p of length p (0 < p < n) whenever = Ui 0 D ... fl Ui p and / : 

Ui 0 ,...,i P —t X is the inclusion. By the isomorphism (4.3), /* : Q.co(Ui 0t ... t i p ) —> 0coX 
preserves direct limits. If F is a pure acyclic complex of Ox-modules, then for any 
0 < p < n, F|[/ ip , F|[/ iQ f , f*{F\u io ip ) and £ p (il, F) are direct limit of contractible 
complexes. 

Lemma 4.10. Let X G C pac (X) and G G Cpa^X) -1 . Then, for any i > 0, 

Ext' cw (X,G) = 0. 

Proof. By Proposition 4.2, we can repeat the argument used in the proof of [HS13, 
Lemma 3.7]. □ 

Theorem 4.11. Let C be a complex of pure injective Ox-modules. Then C pac (X) C 
- L C. 

Proof. Let F be a pure acyclic complex of Ox-modules. The Cecil resolution 

0 —■> F —> £°(il, F) —» £' (it, F) —>-> F) —► O l (iI, F) —> 0 (4.4) 

of F is a degree-wise pure exact sequence ([Ha97, Theorem III. 4.3]). Also, for any 
0 < p < n, £ p (il,F) is a direct limit of contractible complexes (Remark 4.9). Since 
is closed under direct limits then, for any 0 < p < n, £ p (il, F) G ^C. We can break 
(4.4) to the following degree-wise pure exact sequences (0 < p < n), 

0 —>KP —> £ p (it, F) —► PP —> 0. 


Hence, by Lemma 4.10, <£ p (il, F),P P G^ C. Then, F G^ C. 


□ 
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5. The pure derived category of Ox-modules 

In view of Proposition 4.8, we have K pac (X)" L C K(PinjX). In this section, we show 
that KpacpQ- 1 - = K(PinjX). 

Proposition 5.1. K pac (X)" L and D pur (X) are equivalent. 

Proof. Let X be a complex of Ox-modules. By Proposition 4.1, there is a degree-wise 
pure exact sequence 0 —> X —> I —> P —> 0 of complexes, where P £ C pac (X) and 
I £ Cp SLC (X) ± C C(PinjX). Hence, we obtain the triangle 

X —>1 —>P 0 —>SX (5.1) 

where Po £ K pac (X) and I £ K(PinjX). Therefore, K pac (X) —> K(X) admits a 
right adjoint ([B90, Lemma 3.1]). So, by [K10, Proposition 4.9.1], we are done. 

□ 

Proposition 5.2. The inclusion K pac (X)" L C K(PinjX) is an equality if and only if 
every pure acyclic complex of pure injective Ox-'modules is contractible. 

Proof. Assume that K pac (X) _L = K(PinjX). Then, for a given pure acyclic complex I of 
pure injective Ox-modules, Hom K (x)(I, I) = 0. So, I is contractible. Conversely, sup¬ 
pose that all pure acyclic complexes of pure injective Ox-modules are contractible. For a 

/ 

complex I of pure injective Ox-modules, consider the conflation 0 —> I ——> X —» G —>■ 
such that G £ K pac (X) and X £ K(PinjX). Then G is a pure acyclic complex of pure 
injectives and hence it is contractible. So, the following commutative diagram of trian¬ 
gles 

I -A-1-> 0 —> SI 

| id u U | | id EI 

I —A X —► 0 —> SI 

implies that / is an isomorphism. □ 

Corollary 5.3. There is an equivalence K(PinjX) —> D pur (X). 

Proof. By Theorem 4.11 and Proposition 5.2, K pac (X) _L = K(PinjX). Apply Proposi¬ 
tion 5.1 and complete the proof. □ 

Corollary 5.4. The inclusion K(PinjX) —> K(X) admits a left adjoint. 

Next, we find an important recollement of triangulated categories which is well-known 
for categorical pure exact structure (see [Stol4, Theorem 5.4 and Corollary 5.8]). 

Proposition 5.5. There is a recollement 



of triangulated categories. 
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Proof. By [K10, Proposition 4.13.1] and Proposition 5.1 it is enough to show that 
K pac (i?) —> K (R) has a left adjoint. Let C(Pproji?) be the class of all complexes 
of pure projective i?-modules. The pair (C(Pproji?), C pac (i?)) in C (R) is cogenerated 
by a set. Then, by a similar argument that used in the proof of Proposition 5.1, we can 
prove that K pac (i?) —> K (R) has a left adjoint. □ 

Lemma 5.6. Let X be an affine scheme and U be an open subset of X. Then, for any 
complex X of Ou-modules, there is a distinguished triangle 

X —> K —r I—>X (5.3) 

where K € K pac (C7) and I £ K(PinjI7). 

Proof. It is known that U is a quasi-compact and semi-separated scheme (the intersection 
of any two affine subsets is affine). Let Hi = {Xf. }(Zq be a semi-separating cover of U 
and X be a complex of Ox-modules. Assume that 

0 —► X —> £°(Hi, X) —> (f 1 (Hi, X) —►-> (Hi, X) —> 0 (5.4) 

is the Cech resolution of X. We can break (5.4) to the following triangles (see [Mu07, 
Lemma 2.17]) 

Kfc.! —»X—►Tbt(C(H 1 ,X)) —>S£°(ili,X) 

K fc _2 —► K fc _! —► S-^Hili, X) —► x~ l K k _ 2 


Ki —> Kj +1 —> s-fc-N+iefc-i-i^i, X) E _1 Kj 


E- fc C fc (ili,X) —► Ki —> X ) S- fc+1 £(ili, X) 

where Kj = Tot(£(ili, X) rows >fc_j). By Proposition 5.5, for any 0 < i < k, there exists 
a triangle 

0(il,,X) —> P, —► I ; —> £0(11,, X) 

where P, £ K pac (C7) and Ij £ K(Pinf7). 

So, by Lemma 5.7 we have the following triangles 

E _ fe+ l £fc _l( ilijX ) p fc _ i Ifc _ 1 ^-k+2^-1 (il i, X ) 

and 

£" fc £ fc (ili, X) —> P fc —> I k —> £” fc+1 £ fc (iii, X) 

where P^, Pfc_i £ K pac (17) and I*, I&_i £ K(PinjL r ). These triangles fits to the following 
commutative diagram 
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K!-» X)-> S- fc £ fe (ili,X)-> EKi 

II II 

Si-- Pfc_i-- Pfc- ¥ SSi 

I I II 

Ji - ¥ Ifc_i- ¥ I k -- SJi 

|l II 

EKi —¥ S- fc+2 e: fc - 1 (iii, X) —¥ s- fc + 1 C fc " 1 (Hi, X) —> E 2 ^ 

Then, the first column is a triangle and Si G K pac (C/), Ji G K(PinjC7). Repeat this 
processes for any 1 < i < k respectively and deduce the following triangle 


K, 


SK; 


where P, G K pac (17) and I, G K(Pinjf7). This implies that there is the following triangle 


K 


k -1 


fc-1 


Lc-1 


EK 


k -1 


such that Pfc_i G K pac (17) and Ifc_i G K(Pinjf7). But, Tot(<E(ili, X)) is a pure acyclic 
complex, then by the following commutative diagram 


K fc _x-> X-> Tot(C(ili, X))-> SK fc _! 

P fc _i- ¥ K - ¥ Tot(£(it 1 , X)) - ¥ SSi 

I I I I 

Ife-l- ¥ I- ¥ 0- ¥ SIfe-i 

111 1 

SK fc _i —¥ EX — ¥ ETbt(C(il 1 ,X)) —¥ S 2 K fc _i 


we deduce (5.3). 


□ 


For the reminder of this paper, let us fix the notations of Remark 4.9 

Lemma 5.7. Let X be a complex of Ox -modules. For any 0 < p < n, there exists a 
triangle 

£ p (it, X) —¥ K p — ¥ I p —¥ Ee?(H, X) 
such that K p G K pac (X) and I p G K(PinjX). 

Proof. Let p G {0,1, ...,n}. Proposition 5.5 implies the following triangle 

XI u. — ¥ Kj —>R —>X| u- 

\ u ip l V L V Wi p 

where K j G K pac (i?j p ) and I j G K(PinjRj p ). Then, by Lemma 5.6 we have the 
following triangle 

^ ^*0)—ip ^ 1*0 j - - - ^ 
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such that K l0v .. )ip € K pac (X) and I G K(PinjX). Now, apply /* (/ : U i0i ... iip —> X 
is inclusion) and obtain the following triangle 

f*^-\lJi 0 ^ f ^ fJ-i 0 ,...,i p t £/*X|t / i0 . 


where /* G K pac (X) and G K(PinjX). Sice K pac (X) and K(PinjX) 

are closed under finite coproducts, then, we have the following triangle 


£ p (it, X) —► K p —> I p —► E£ p (U, X) 
such that K p G K pac (X) and I p G K(PinjX). 


□ 


Theorem 5.8. There is a recollement 



K pac (X)- i -> K(X)- -j -> K(PinjX) 



of triangulated categories. 


(5.5) 


Proof. By Theorem 5.1, i : K pac (X) K(X) has a right adjoint. So, by [K10, Propo¬ 
sition 4.13.1], it is enough to find a left adjoint for i. For this end, it suffices to show 
that for any object X of K(X), there exists the triangle 


X —> P — >1 —> sx 

where P G K pac (X) and I G K(PinjX). Consider the Cecil resolution 

o — ► x —► c°(u, x) —> e: 1 (it, x) —¥ - > e: n (n, x) — > o 


(5.6) 


(5.7) 


of X. Now, apply Lemma 5.7 and repeat the method used in the proof of Lemma 5.6 
to obtain (5.5). □ 


6. The pure derived category of absolutely pure Ox-modules 

This section is devoted to a description of pure submodules of injective Ox-modules. 
In affine case, a pure submodule of an injective 77-module is called absolutely pure (or 
fp-injective). Absolutely pure modules were introduced and studied by several authors. 
In [Ma67], Maddox defined the notion of absolute purity in the category of R- modules 
and proved that the subcategory of absolutely pure i?-modules is closed under pure 
submodules and arbitrary direct sums. Also, he characterized absolutely pure modules 
over Dedekind domains. In [Me70], Megibben showed that the class of all absolutely 
pure 72-modules is equal to 72-mod, whenever 72-mod is the category of finitely pre¬ 
sented left 72-modules. He also proved that, a ring 72 is noetherian if and only if every 
absolutely pure 72-module is injective [Me70, Theorem 3.]. This approach is also used 
independently by Stenstrom ([Sten70]), who also defined the notion of fp-injective (cat¬ 
egorical absolutely pure) dimension and gave some results about fp-injective modules 
over coherent rings. 

Here, we recall the definition of an absolutely pure Ox-module. 
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Definition 6.1. An Ox-module Q is called absolutely pure if it is pure in any Ox- 
module that contains it. 

Let A be a coherent scheme (for any 0 < i < n, Ri is a coherent ring) and K(AbsA) 
be the homotopy category of all absolutely pure 0x-modules. It is known that injective 
0x- m odule are absolutely pure and so, K(InjA) C K(AbsA). Recently, the study of 
the categorical pure derived category of absolutely pure Ox-modules has been interested 
([K12], [Stol4]). In this section, we prove that the pure derived category of absolutely 
pure Ox-modules and K(InjA) are equivalent and obtain the recollement (6.1). 

Proposition 6.2. Any pure injective absolutely pure Ox-module is injective. 

Proof. Let Q be a pure injective and absolutely pure Ox-module. Then, every short 
exact sequence starting with Q is split. Therefore, Q is injective. □ 

Let AbsA be the class of all absolutely pure Ox-modules and C pac (AbsA) be the class 
of all pure acyclic complex of absolutely pure Ox-modules. Similarly to the Proposition 
4.8, one can deduce that C pac (AbsA)" L C C(InjA). Then, we have Kpa^AbsA) -1 C 
K(InjA). In the following result we show that this inclusion is an equality. 

Proposition 6.3. K pac (AbsA) _L and K(InjA) are equal. 

Proof. It is suffices to show that K pac (InjA) = 0. Let I = ( I n ,d n ) be a pure acyclic 
complex of injective Ox-modules. Theorem 4.11 implies that I is contractible. □ 

Corollary 6.4. There is an equivalence K(InjA) —> D pur (AbsA) of triangulated cat¬ 
egories. 

Let D cpur (AbsA) be the categorical pure derived category of absolutely pure Ox- 
modules. By Corollary 6.4 and [K15, Proposition 4.2], we can deduce the equivalence 
K(InjA) —» D cpur (A) (see also [Stol4]). 

Remark 6.5. It is known that, when A is a locally noetherian scheme, DcoA is locally 
finitely presented. In [K15, Proposition 4.2], Krause used the categorical notion of purity 
and showed that every pure acyclic complex of injective objects in C(A) is contractible. 
As previously described (see Section 3), the tensor purity and the categorical purity do 
not coincide in non-affine settings. Then, we can not use [K15, Proposition 4.2] to get 
a similar result for tensor purity. But, the results which are obtained by us can be used 
to prove [K15, Proposition 4.2], 

Theorem 6.6. There is a recollement 



K pac (AbsA)- i -> K(AbsA)- j -> K(InjA) 



of triangulated categories. 


( 6 . 1 ) 


Proof. We repeat the argument used in the proof of Theorem 5.8 


□ 
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7. The pure derived category of flats 

In this section, we assume that X is a quasi-compact and semi-separated scheme. 
A complex F in K(FlatX) is called flat if it is pure acyclic. The homotopy cate¬ 
gory K pac (FlatA) of all flat complexes of Ox-modules is a triangulated subcategory of 
K (Flat X). 

In [Ne08], Neeman proved that the objects of K(Proji?)" L are pure acyclic complexes of 
flat R-modules ([Ne08, Theorem 8.6, Corollary 9.4]). Moreover, he proved the existence 
of the recollement 



which implies the equivalence 


K(Projfl) K(Flatfl) ^4 

of triangulated categories. In [Mu07], the author generalized and studied the quotient 
K(FlatA)/K pac (FlatA) for any noetherian semi-separated scheme X (see also [MS11]). 
In [AS12], this quotient is denoted by D pur (FlatR), and refer to it as ’’pure derived 
category of flat module”. 

Remark 7.1. Let C be a complex of cotorsion R-modules. The class is closed 
under direct limits. Clearly, any contractible complex of flat modules belongs to ^C, 
particularly, all projective complexes are in -*-C. Assume that F is a flat complex of R- 
modules. By [EG98, Theorem 2.4], F is the direct limit of finitely generated projective 
complexes and hence, F € ^C. Therefore, C pac (FlatR) C ^C. This shows that any 
pure acyclic complex of cotorsion flat R-modules is contractible. 

Remark 7.2. In [HS13], the authors used cotorsion flat R-modules and proved that 
K pac (FlatR) = K(dg-CofR) where K(dg-CofR) is the homotopy category of dg- 
cotorsion flat R-modules. By Remark 7.1, the inclusion K(dg-CofR) C K(CofR) is 
an equality. In addition, K(CofR) is the essential image of K(ProjR) in K(FlatR) (see 
[HS13]). 

So, we have the following recollement 



Consequently, it is natural to work with cotorsion flat modules rather than projectives. 
This approach is suitable for LlcoA since it does not have non-zero projective objects. 
It is one of the important features of working in K(CofR) rather than K(ProjR). 

Remark 7.3. If F is a flat complex of 0x~ m odules, then for any 0 < p < n, F|j/ iQ ; 
is a flat complex of Ou iQ ip -modules which is a direct limit of contractible complexes. 
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Then, 0 < p < n, f*(F\u io ip ) , £ p (il, C) are a direct limit of contractible complexes of 
flats. 

Theorem 7.4. Let C be a complexes of cotorsion Ox-tnodules. Then C pac (FlatX) C 
X C. 

Proof. Let F be a flat complex of Ox-modules. The Ceck resolution 

0 —> F —> £°(il, F) — y C 1 (il, F) — y -> F) —> £"(11, F) —► 0 

of F is a pure acyclic complex of flat complexes. By Remark 7.3, £ p (il, F) € X C for all 
0 < p < n. So, by Lemma 4.10, F € 1 C. □ 

Proposition 7.5. There is an equivalence D pac (FlatX) —> K(CofX) of triangulated 
categories. 

Proof. By [HS13, Section 3], we can deduce that (K pac (FlatX), K pac (FlatX)" L ) is a 
complete cotorsion theory in K(FlatX). This implies an equivalence K pac (FlatX) _L — y 
D pU r(FlatX) of triangulated categories. Then, by Theorem 7.4, we have K pac (FlatA") ± = 
K(CofX). □ 

Corollary 7.6. The inclusion K(CotA) — y K(X) has a left adjoint. 

Theorem 7.7. There is a recollement 



of triangulated categories. 

Proof. We repeat the argument used in the proof of Theorem 5.8. □ 
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